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Mechanics of Trajectory Optimization Using Nonsingular
Variational Equations in Polar Coordinates

Jean Albert Kechichian*
The Aerospace Corporation, El Segundo, California 90245

The complete set of the state and adjoint differential equations for the nonsingular equinoctial orbit elements ex-
pressed in polar coordinates and written in terms of the true longitudeis presented. Previous formulations adopted
the equinoctial frame as the orbital frame for component resolution of the various perturbation accelerations.
The consideration of the position dependency of the J, acceleration in the context of precision integrated orbital
transfer trajectories led us to adopt the more convenient polar frame coupled with the use of the true longitude
as the accessory variable needed in the description of the variational equations, inasmuch as it is more difficult
to generate the contribution of the J, perturbation to the adjoint equations if the variational equations are left in

terms of the eccentric longitude.

I. Introduction

HE considerationof the nonsingularequinoctialorbit elements

has been of great benefit in trajectory propagation and opti-
mization. References 1-7 made use of the corresponding variational
equations resolved in the equinoctial orbital coordinate system. In
Refs. 8-12, modern numerical methods based on the techniques
of collocation and nonlinear programming are applied to the solu-
tion of low-thrustEarth-boundand interplanetarytrajectories. These
direct methods have introduced robustness characteristicsto the op-
timization process and were first used with great success by launch
vehicle trajectory optimization and performance analysts. In partic-
ular, Betts®!'? uses a variety of equinoctial element sets within the
framework of the direct method. Following the more traditional ap-
proach based on the calculus of variations and the indirect shooting
method, this paper developsthe differentialequationsfor the adjoint
or multiplier variables to be numerically integrated simultaneously
with the state differentialequationsto solve the two-point-boundary-
value orbit transfer problem. As noted by Betts, the elements of the
matrix of partial derivatives of the Hamiltonian with respect to the
equinoctial elements derived here in analytic form can be used to
developa certainanalyticJacobianmatrixin connectionwith nonlin-
ear programming (NLP) solvers used with direct methods, thereby
saving considerable computation time with respect to the adoption
of a numerically determined Jacobian. The variational equations are
usually expressed in terms of the eccentric longitude, which can ei-
ther be left as an accessory variable or be adopted as the fast or sixth
orbital element.

In Ref. 3, the averaged J, perturbation effect was accounted for
in the design of the optimal transfer trajectory. However, when the
exact or rather position-dependent J, effect must be considered in
the context of precision integrated transfer solutions, the J, pertur-
bation acceleration components become dependent on the eccen-
tric longitude. Because these components are given in the rotating
Euler-Hill or polar frame, it is much simpler to use this frame as the
orbital frame instead of the equinoctial frame because otherwise the
transformed expressions for these components become more com-
plicated. These expressions are still quite complicated if expressed
in terms of the eccentric longitude even if the polar frame is used.
This is important because we must take the partial derivatives of
these expressions with respect to the elements to generate the ad-
joint differential equations. This task is made easier by expressing
the variational equations for the J, perturbationin terms of the true
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longitude, and to be completely consistent, the equations for the
thrust perturbation will also be expressed in polar coordinates and
in terms of the true longitude. This paper shows the mathematical
derivations that lead to the generation of the full set of the dynamic
and adjoint differential equations in polar coordinates in terms of
the true longitude with the mean longitude as the sixth element. The
dynamic equations, which are also found in Ref. 13, are directly ob-
tained from the equations for the classical elements in the Gaussian
form. The J, perturbation equations will appear in a later effort, as
well as a slightly simpler set, which uses the true longitude as the
sixth element itself. We duplicate an example of an optimal transfer
generated earlier with a previously validated formulation in order
to validate the mathematics of this new version.
II. Dynamic and Adjoint Differential Equations
in Polar Coordinates

The variational equations for the classical elements in the Gaus-
sian form with the components of the disturbing accelerationin the
radial, transverse, and out-of-plane directions are given by

a = (2a* j)leso f, + (bl 1) fol (1)
é = (1/j){bse f, + [(b+ r)cor +rel fo) )
i = (rcol j) fi 3)
Q = (rsol js:) fu )
o=l b f - bt+rsefol - 55

je Jsi

. (1—e?)?

M =n+ ————[(bco- —2re) f, — (b +71)se- fol (6)

je
where n = p2a=3? is the orbit mean motion, with u = 398,601.3
km?3/s?, the Earth gravity constant; a, e, i, Q, ®, and M are the
classical orbit elements; b = a(1 — ¢?) is the orbit parameter; j =
[ua(l — €*)]V? is the orbit angular momentum; r is the radial dis-
tance defined by r = b/ (1 + ece+); O is the angular position de-
fined by 0= + 6%, with 0* the true anomaly; and f,, fp, and
Ju are the components of the disturbing acceleration vector re-
solved along the rotating coordinate axes 7, 6, and h, whose di-
rections have been defined earlier. This set of equations, which is
singular at zero eccentricity and zero inclination, can be converted
to a nonsingular set involving the equinoctial elements defined as
a=a,h =esin(ow+ Q), k=ecos(w+ Q), p=tan(i/2) sinQ,
q = tan(i/2) cos Q,and A = M + o + Q, with A the mean longitude.
Let o = w 4 Q be the longitude of pericenter, with F' = E + @ and
L = 6* 4+ o the eccentric and true longitudes, respectively, E being
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the eccentric anomaly. We have sg« and ¢y« standing for sin 6* and
cos 0%, etc.,

Sgr = §1.Cq — SaCL Copr =C1Co» T+ 5155

and because L can also be writtenas L = Q + 6,

Sg = S.Cq — CLSQ CGZCLCQ-FSLSQ

In Egs. (1-5), we have used j and b for the angular momentum and
orbit parameter, respectively, to avoid confusion with the symbols
used for the equinoctialelements # and p. The radial distancer can
be written as

r=a(l —kcp — hsp) @)
or in terms of the true longitude as

1—h? k2
poddmh k) )
1+ hs; +kcp

We can also write
r (1—h—k)?

| = na’(1—h? — k%)% =
J = na( )? j na(l 4 hs, +kcp)

b
14+ ==2+4+hs; +kc,
r

and with
_ m ©)

we have
(1—h? =k =[(1 - B)/ B (10)
R+ k* = [(2B — 1)/ B*] (1

Also, 6B/ 0h = hB*/ (1 — B) and 6B/ ok = kB*/ (1 — B). Finally,
Kepler’s equationis written in terms of the eccentric longitude F as

A=F —ksp + hcp (12)

Using the identitiesc; = cl,2 1,2 and s; = 2s,/,¢;/2, the equations
of motion (1-6) can now be transformedto the following nonsingu-
lar set:

a= ;[(k& hep) fr + (14 hsp +kep) fol - (13)
n(l —h?— kz)'
N e o L
h = —na(l y— kcL){ (1 4+ hsy +kep)e f,
+[h+ Q2+ hsy +kep)splfo— k(pey — qsi) fu} (14)
I e ok
= m{(l + hSL + kCL)SLfr
+k+ @2+ hsy +kep)elfo+h(per — qsi) fu} (15)
R e Ok .,
P= 2na(l + hs; +kcL)(1+p s (16)
_ (1—hr _kz)% 2 2
N 2na(l + hs; -|—kcL)(1 i taet (7
- (1 —h? — k)7
A=n— m{[ﬂ(l +hSL + kCL)(hSL +kCL)
+2(1 = W = K], + B2+ hsy +key)
x (hey — ks) fo+ (peL — qs0) fi} (18)

These equations are essentially identical to those found in Ref. 13.
Itis clear that as A is being integrated, the eccentric longitude must
first be solved from Kepler’s equation, after which the true longitude
is obtained from the following expressions:

cp = (alr)[(1 —h*Bycp + hkPsy — k] (19)
s, = (al r)[hkBep + (1 = K*B)sp — h] (20)

These equations are obtained from the components of the radius
vector along the equinoctial directions f and g such that

X, =rc, = a[(1 — B*B)cy + hkBsy — k] 1)
Y, =rs; = a[hkBer + (1 — K*P)sp — h (22)

The (f, g, ) equinoctial coordinate frame is defined in terms of
the classical orbit elements inasmuch as f and & are contained in
the instantaneous orbit plane with f obtained through a clockwise
rotation of an angle Q from the direction of the ascending node.
Furthermore, & and k are the components of the eccentricity vector
e along f and g, with the elements p and ¢ defining the matrix that
rotates the orbit frame (f, £, w) into the inertial frame gx, y,2).
Equations (13-18) are written in polar coordinates 7, 6, / instead
of the f, g, w equinoctial coordinates. The transformation between

these two orbital frames is simply given by
RTCA T

( \ X,/r Yr

Yi/r XIr

VYA A

The equinoctialframeis neededhere only to define the true longitude
L through Eqgs. (19) and (20) because L = f(h, k, F) with F =
f(h, k, ). Once we derive the differentialequationsfor the adjoints,
we will not worry about the equinoctial frame because the optimal
thrust direction will be directly computed in the polar coordinate

frame with the thrust pitchand yaw angles 6, and 6, obtaineddirectly
from

0 = tan”'(u,/ up) (24)
6, = tan™"(u,/ up) (25)

with & = (u,, ug, u,) such that the thrust is given by f = fu,
with f its magnitude and # its direction, and the acceleration is
givenby I' = fim = f.i = (f., fo, fn), with m the vehicle
mass and f; = f/m. Considering continuous constant acceler-
ation for the purpose of the discussion and without any loss of
generality, let z = (a h k p g )T be the state vector and let
A=A A A A, A, A3)T be the corresponding adjoint vector.
Note that when A4 appears with one of the elements as a subscript, it
is the multiplier adjoint to that particular element, whereas without
the susbscript, it is the mean longitude. Let the 6 x 3 B matrix be
such that

a B, By By 0
h BZI B22 B23 u O
k| _| By Bn By (u;\ﬁ+ 0 26)
p By By By \uh} 0
q Bs; Bs, Bs; 0
2 Bg B, Bg n

The six rows of B consist of the partials of the six equinoctial ele-
ments with respectto the velocity vector, with the componentsalong
the polar 7, 6, h axes. The Hamiltonian and the Euler- Lagrange
equations can now be written as

H=X Bz L)fi+4n =Nz 27)

oH )\, f L an o)
oz P
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When taking the partial derivatives in Eq. (28), we must allow for
the variation of L with respectto &, k, and A, and because L is given
in terms of F', we must also allow for the variation of F with respect

to h, k, and A:
oL _ (LY , oLoF 29
oh  \oh), = oF oh
oL _ (LY , oLoF (30)
ok \ok), oF ok
oL 0L oF
—=—— (31)
oA OF 0A

with the subscript F' indicating that F is held constantthere. We also
need Or/ 6a, Or/ 0h, or/ Ok, and Or/ OA, and it will be shown that
OL/0a = 0. These partial derivatives must be expressed in terms of
L such that both the dynamic and adjoint equations are written con-
sistently in terms of L. Because we are integrating A, it effectively
becomesindependentofa, i, and k suchthat, from Kepler’s equation
A= F —ksp + hcp, we have from 04/ da = (r/ a)(0F/ da) = 0
that 0F/0a = 0. In a similar way, from 0A/0h = 0 we obtain
OF/0h = —(al r)c, from 04/ 0k = O we have OF/ 0k = (al r)sp,
and finally from 0A/0A = 1 we have 0F/0A = a/ r. This in turn
yields the partial derivatives of the radial distance r with respect to
a, h, k, and A such that from r = a(1 — kcp — hsp) we get

2_; = aTz(h — sF) (33)
% = aTZ(k —cp) (34)
j—; = a(ksp — hcy) (35)

All of these partials are identical to those derived in Ref. 6, which
used the elementsa, &1, k, p, ¢,and Aand the equinoctialorbitframe
f» &, w and with all of the differential equations written in terms of
the eccentriclongitude F. In particular,if we substitutethe quantities
rcp and rs; for X and Y|, then the expressions for s and cp in
Refs. 1-3 and 5 can be written as

rs(l— h?B) — hkBc,

sp=h+ , (36)
a  (1—h2—k»)?
rc (1 —k*B) — hkBs
e = 4 L LK) ~ hkps, a7
a  (1—h2—k)3
yielding the following identity:
ks, —h
ksp — hep = I L (38)

a(l—h?—k2)t

These expressionsnow allow us to write or/ oh, Or/ 0k, and Or/ OF
directly in terms of L, namely,

or _a[(1=hpys — hkpe, ]

S . (39)
oh (1 —h? —k2)?
or _a[(l —K2B)e, — hlkﬁsL] “0)
ok (1 — h? —k2)3

or  a(ks, —hcy)

oF (1—h2—k2)% (41)

Now the partial derivative 0L/ OF needed in Egs. (29-31) can be
obtained from Eq. (19) as follows. From ¢, = X,/ r,
oL 10X, X, or

Sy =

OoF r oF r? oF

with 0r/ OF givenin Eq. (41) and

oX, ,
5 = alhkBer — (1 — h*B)sr]
Using Egs. (36) and (37) in 60X,/ 0F , we get

oL _ cp(ksy, —hcy — hk)

OF  s,(1—h2—k>)T

h 1— h?
+ 0y — 42)
rsy (1 —h2—k?»72
In a similar way, from Eq. (20) and using
oY
6_Fl =a[(1 = k*B)cy — hkBsy
we have
oL k 1 —k?
— =a—(1 —h — k)3 +—
oF rep (1—h2—k2)1
_ sp(ks; — hep + hk) 3)

co(l—h2—k2)*
The partials in Egs. (42) and (43) can be shown to be identical, and
they can further be reduced to the simpler form

oL
== 3(1 R k) (44)

or

OL  1+hs, +kc,

—= | (45)
OF (1 —h2—k2)2

We can also obtain 0L/ 6F more simply from

R ( 1 6L  X,(8Y,/8F) — Y,(8X,/ OF)
anl = — - =
X, ¢ OF X2

and leaving X, Y|, 0X,/0F, and 0Y,/ OF in terms of F' while using
X2 =r2c2 to get

r? oL ) )

;6_F = (1 —h ﬁ —k ﬁ)(l — hs,: —kc,:)
We do not need to replace s and ¢y by their expressions in terms
of s, and ¢, because the last parenthesis is conveniently replaced
by r/a such that, finally and more readily than before,

oL
oF

=(1 = —I°p)

al—ﬁ_z 2 g2y
7T_V(l h k*)

Now as far as the OL/0a partial is concerned, we can use c¢; in
Eq. (19) to get

G- [(-%) /()

oF
+ Z[hkBer — (1 = WBysy ] — (46)
r oa
with
0 oF
Z=I + a(ksp — hep)— 47)
oa a oa

However, 0F/ da = 0 and, therefore, 0r/ 0a = r/ a, and because s,
is not always equal to zero, we have

oL
— = 4
7 =0 (48)
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If we delay taking OF/ da = 0 in Egs. (46) and (47) and make use of
Eq. (36) for s and Eq. (37) for ¢y as well as the identity in Eq. (38),
then the expression in Eq. (46) will be reduced to
OL  1+hs, +kc, OF OLOF 49)
da (1 —jp2—k2)% 0a  OF da
where the partial in Eq. (45) has been recognized. Now because
0F/0a = 0, then OL/0a must also be identically equal to zero
because OL/ OF itself is always nonzero. There are several ways of
generating the 0L/ 0h and 0L/ 0k partials. We can use Eq. (19) or
(20) and write, for example,
oL 1 0 Ja
= {— [(1 = W B)cy + hkPsy — k]}

% - S oh

r

and allow for the variation of F with respectto & by using 0F/0h =
—(al r)cp, as well as using Eq. (39) for or/ 0h. Then s and ¢ are
replaced by their expressions in terms of L according to Egs. (36)
and (37) such that the preceding partial is given strictly in terms of
L. We can also use tan L = Y| (F)/ X|(F) and write

AL  X,(dY,/dh) — Y,(0X,/ oh)

oh r2

and express the right-hand side in terms of L. It is, however, much
easiertouse 7 = a(l — h®> — k?) - (1 + hsy + kc;)~" and write

or —2ah a(l —h?* — k)
oh — (14 hs, +key) (14 hs, +kep)?

oL
X |:SL + (hep — ksL)ai|

and make use of the 0r/ dh partialin Eq. (39) writtendirectlyin terms
of L. Equating these two partials will yield the desired quantity
oL
oh
(@ r?)(1 —h? —k?)* [(1=h2B)s, — hkBe] — s, — (2ahi r)
hep, — ks,

(50)
Let us derive this particular partial in still another way. From L =
o+ Q + 0 =tan"'(h/ k) + 0%, we have, with e> = h? + k2,

oLk N 00" 1)
oh ~ e 0h

Now from r = a(1 — e?)/ (1 + ecg-), we have also

or de a(l —e?)
— —|{-20e=) /1 Y P
P |:< aeah>/( + ecy )i| 0T eco)?
Oe 00"
X [%CG* — €Sy Ei| (52)

However,de/ Oh = h/ e, and from orbital mechanicswe have rcg =
a(cg—e) andrsg = a(1—e?)"2s;, where E, the eccentricanomaly,
is givenby E = F — (® + Q). Therefore,

cp = (kle)cr + (hl e)sy sg = (kle)sp — (hl e)cp
such that with e = (h? + k2)"/2,
cor = (al er)[kc,s + hsp — ez]
sor = (al er)(1 — ez)'é(ks,: — hey)

Once again using 0r/ h of Eq. (39), we can solve for 6%/ oh from
Eq. (52) so that finally Eq. (51) is given directly in terms of L:

oL k a? (1 —h?—k»)?
= = -= 1 — h2B)s, — hk
oh AR 77 ks, —he, [ Pysi. — hikpe ]
La_h . —h?—k? h
r ks, —hcp h? + k? (h%2 + k%) (ks, —hcy)

After further regrouping of terms, it can be shown that this partial
is identical to Eq. (50). This partial can also be given in terms of F
as

oL (=a*/ r*)(sy —h)(1 = h* —k*) +Yi/a +2h

= (53)
oh (1 — h? — k2)% (ksp — hey)

In a similar manner, we can derive 0L/ 0k and get

oL

ok

@1 r?)(1 = h* — k)3 [(1 = KByc, — hkBs, | — ¢, — 2(al r)k

hep —ksy
(54)
in terms of L, or as in the next equation, in terms of F':
oL _ (e =i ke R+ XiJak 2k o

ok (ks — hep)(1 — h2 — k2)%

We now complete the derivation of the partials of L with respect
to the integrated state variables by generating 0L/ OA. From L =
o+ Q+ 6 = tan~'(h/ k) + 0*, we have OL/ 01 = 00/ dA. We
also have 0r/ OA = (0r/ OF) (0F/0A) = a(ksp — hcy) - OF/0A =
(a*/ r)(ksp—hcr)because OF/ OA = al r . Fromr = a(1—e?)/ (1+
ece+)?, we have

ar ae(l —e*)sg:(060"/02)  a?

i 03 ecr)? = T(ks,.~ — hey)
which yields
00"  a? ol
-t
and, therefore,
%:i’—z(l —h? — k)3 (56)

This also shows that L/ A = (OL/OF) - (0F/ d4). The partial
Or/ A can be written in terms of L as

or a(ks; — hc
— = (L—L)I (57)
O (1 —h2—k2)1
We have thus generated all of the partial derivatives of L, namely,
OL/da, 0L/ 0h, 0L/ 0k, and OL/ 6A, given by Egs. (48), (50), (54),
and (56), respectively, as well as the partials of r, namely, or/ da,
or/ 0h, dr/ 0k, and r/ X in Egs. (32), (39), (40), and (57), respec-
tively. We can now generate all of the 0B/ 0z partials of interest
using

on 3n 3 3

—=——=_—Zyia3 58

oa 24 2"° (58
The nonzero elements of matrix B and their nonzero partials, with
G=(1-h*=k»"?and K = (1 + p> + ¢?), are shown in the
Appendix.

III. Numerical Example

Let us now duplicate an example of a minimum-time low-Earth-
orbit-to-geostationay-Earth-orbit transfer that appeared in Ref. 7.
The minimization of 7, or maximization of —f; requires the sat-
isfaction of the transversality condition at the guessed final time
H; =1 for the Hamiltonian used in Eq. (27). The orientation of
the constant acceleration vector is optimized by selecting i =
[N B(z, L)I"/ IA! B(z, L)|. Given ay, €y, ip, Qo, and ay or in an
equivalent way (@), (h)o, (K)o, (P)o, and (¢), the corresponding
multipliers (4,)o, (A1)0, (Ao, (A,)0, and (4, )0, as well as the trans-
fer time ¢, and the initial mean longitude (1), are guessed, and the
dynamic equations (13-18) and the adjoint equations (28) are inte-
grated forward with (4,); = 0, until ¢;. The first five multipliers,
(A)o, and t, are then adjusted untilas, hs, ks, pr,qr, (A2); =0,
and H; = 1 are satisfied for an optimal free-free transfer. By a
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free-free transfer, we mean a transfer where the first five elements
defining the orbit size, shape, and orientation are fixed and the lo-
cation or longitude of the spacecraftis free, on both the initial and
final orbits. An unconstrainedminimization algorithmis used to this
effect and the following objective function minimized:

F' = w(a—a; + oy(h —h ) + o3k — k)

+oy(p — Pf)2 + ws(q — ‘If)z + &5(A — 0)* + y(H — 1)?

The ; weights had to be adjusted manually between consec-
utive runs to control the convergence process. The minimiza-
tion subroutine uses a quasi-Newton algorithm and is based on a
general descent method. No attempt was made to apply the mul-
tiple shooting method, which could, in theory, increase the ro-
bustness of the iterative convergence process. However, as was
demonstrated in Ref. 7, the transfer can be solved first by using
the averaging technique in a robust way, and the initial values
of the Lagrange multipliers thus generated are used as a starting
guess to solve the exact unaveraged transfer much more efficiently
because these starting values are very close to the exact solu-
tion. Let ap=7000 km, ¢y =0, iy =28.5 deg, Q) =0 deg, and
@y =0 deg and let a; =42,000 km, e; =107, i, =1 deg, Q;
= 0 deg, oy =0 deg, and f, =9.8 x 107> km/s”>. The solution is
givenby (1,)o =4.675229762 s/km, (A;)g =5.413413947 x 107 s,
(M)o = —9.202702084 x 10° s, (4,)0 = 1.778011878 x 10' s,
(Ag)o = —2.258455855x 10* 5, (1) = —2.274742851 rad, which
corresponds to My =—130.333164 deg, and 7, =58,089.90058 s.
The final achieved parameters are a, =42,000.003 km, e, =
9.986352x 107, i, = 0.999809 deg, Qs = 1.099680 deg x 107,
o; =1.827518deg x 1072, (4;) ; = —1.823951 x 10~ s/rad, and
H; =1.003704 indicating convergence. Also, 4, =19.655283 rad,
corresponding to M, =46.146408 deg. The initial values of the
multipliers are essentially identical, as they should be because of
their definition as influence functions, to the solution obtained in
Ref. 7, thereby validating the mathematical derivations producedin
this paper.

IV. Concluding Remarks

The mathematical derivations leading to the generation of the
complete set of the dynamic and adjoint differential equations
needed in trajectory optimization work are presented for a set of
nonsingularorbit elements and for the resolution of the perturbation
accelerations in the Euler-Hill rotating orbital frame. The element
set adopted here is that originally used by Broucke and Cefola!
for which the perturbation equations for the geopotential,drag, and
third body effects were developed. These analytic methods derived
from celestial mechanics can be put to effective use in constructing
efficient optimization computer programs whether based on direct
or indirect methods. Finally, an example of a free-free orbit transfer
is duplicated with the present formulation in order to validate this
simpler version, which also replaces the eccentric longitude by the
true longitude as the accessory variable appearingin the right-hand
side of all of the variational and adjoint equations.

Appendix: B Matrix and Its Partial Derivatives

By, =2n"'G ' (ks, — hcy)

OB 0
L —2n*2—nG*1(ksL — hey) (A1)
oa oa
OB
— =0 "hG ks, — hey) +2n7' G
oh
oL
x | —cp + (hs, +kep)— (A2)
oh
0By,

- = 2% G 3 ks, — hey) +2n7'GT!

X |:SL + (kcy + hsd%} (A3)

oB oL
6_}1(1 = znilGil(kCL +hSL)a (A4)
B, =2n"lar 'G
OB 0
2 _ _op2ar LG (A5)
da da
OB 0
2 ontar2 LG Zontar-thG! (A6)
oh oh
OB 0
12 _ _znflarfz—rG —2nlar~'kG™! (A7)
ok ok
OB 0
2 _ o tar2LG (A8)
oA oA
B, = —n"'a"'Ge,
OB 1
6;1 = —El’lilaizGcL (Ag)
OB oL
6;1 :nila*Ithch-l—n*laflGSLa (A10)
OB oL
6_k21 =n"la kG ¢, +n71071GSL§ (A1D)
OB oL
2 —n a7 Gs, — (A12)
oA oA

By =rn"'a*G "(h+s.)+n"'a"'Gs,

OB 1 1
2 _ =n a3 rG\(h +5,) + En’la’stL (A13)

da 2
oB or
6;2 =n"'a?G7'(h + SL)[% + rhG2i|
oL
“1g-2.6-1 1 oL
+n ar +cp ah
oL
—n'a"hs, G +nla ' Gep— (A14)
oh
oB or
61{22 =n"'a?G7'(h + SL)|:§ + rkG2i|
oL oL
+n’1a’2rG’ch§ —n'a ks, G7! +n’1a’1GcL§
(A15)
OB 0
6;2 = én’la’zG’l(h + 1)
oL oL
+rn*1a*2Gfcha +n*1a*1GcLa (A16)
By; = —n"'a *’rG Y%k(pc, — gs;)
OB 1
Z = ——n"'a3rG k(pc, —gqs;) (A17)
da 2
oB or
6;3 =—-n"'a G k(pc;, — qsL)[% + hrG2i|
+n a7 rkG7Y( 2
pse +ch)6h (A18)
oB or
61{23 =—-n"'a G k(pc;, — qsd[a + krG2i|

-1 -2 —1 %_ 1 -2 1 o
+n"a ‘rkG (psL+ch)6k na rG (pc, —qsy)
(A19)
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OB OB or
6p = —n~'a G ke, (A20) —— =n"'a =G h(pe, — gs.)
[o): 7% IR a2 rG'h %
% =n"'a*rG ks, (A21) n-—a-r (P5L+CICL)6A
0By; _1 ,25 5=2""n"la"rG'Ks,
=-n —G 'k(pcr, — qs1)
oA oA OB3 1
> =_—n"'a>3rG'Ks,
I oL oa 4
+n"a*rG™k(ps; +ch)5 (A22) _ _
B4 = ln’la’zG’lKY 6_r +hrG™?
By =n"'a”'Gs, oh 2 D 1
OB 1, _ 1 oL
6: =5n 'a™%Gs,, (A23) +2n la’erflKCLE
OBy —-1,-1 oL OB 1 [ or i
h =—-n"'a'G 'hs; +n"'a GCL% (A24) 6133 :En’la’zG”KsL _a—i—krG*z_
0B;, I » oL
3, 1 oL
Fra G ks, +n'a GcL&k (A25) +2n la=2r G- KcLak
OB oL
L —nla Gep— (A26) OBy .,
EV E) =n"a rG  ps,
op
S R R 1 -1
By, =n"arG (k+c.)+n a Geg OBy o
oB . | %4 =n"a rG gs,
32 _ —n’la’3rG’l(k+cL) +=n"'a"*Ge, (A27)
da 2 2 OBy _ 1 ., Lo L oL
oB or G =" @ 0 Kstgna G Ka s
6%:2 = n’la’zG’l(k + cL)I:% + hrG2i|
Bs; = =n"'a*rG™'Kc,
oL oL
a6 e L T WG e — i e\ G
n a-r S‘Lah n a (&3 n a SLah 6353 _1 . JerfchL
(A28) oa 4
6332 71 72 6B§3 1 or
—_— = G '(k+ +kG 3 _p g2 - -2
ok ( CL) r h Sna G 'Kc, 6h+hrG
oL 1 oL
—nila*ZrG”sLa —nla kG ¢, — Enfla*ZrG Ks;, — h
oL
—nla'Gs,— +n"'arG7! (A29) 9B, :ln*‘a*ZG’chL 6—r-|-/<i’G72
ok ok 2 ok
0B3, | _,0r L
— =n"'a?—=G "(k+cp) —l “142rG'K 9
oA oA 2” a-r SL— Y
oL
—nla G s, — YR nla'Gs,— P (A30) 0Bs; =G pe,
op
By =n"'a*rG"'h - 0B
33 r (peL —qs1) 6;3 —n la’er’lch
6B'5-5 _ 1 1 -3 —1 (A31)
70— 2" ¢ rO hper—ase) 0By, 1 _, or I oL
==-nla?—=G'Ke, — =n"'a>rG'Ks;, —
0By 1o or 5 oA 2 Y 2 EY)
=n"a "G 'h(pc, —qs.)| — +hrG
oh oh Bgy = —n"'a”'(1 — B)(hs, + key) —2n'a %y
oL 0By 1 o -
+n‘a2rG‘[(ch —qs.) = h(ps, +ch)5} (A32) a: =" 'a=*(1 = B)(hsy +key) —nta”r
OB hp3
6B I 61 — gl 7 s k I | 1—
6]:3 —nla2G- 1h(ch_qu)|: + krG~ i| oh n-a 1—[3( sp +kep) —n"am ( B
oL or
oL - — | —2n""a?=—
—n"'a 2rG 'h(ps, +ch)a (A33) x |:SL+(hCL kSL)ahi| n-a oh
OB , kB? or
OB LI —oplg2 =
6;3 =n'a"*rG 'he, (A34) Y =n"'a 1 ﬁ(hYL +kcp) —2n Y
aBn -1 —1 oL
= = —n'a G 'hs, (A35) —n (I=pB)|ce +(th—ksL)—
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(A36)

(A37)

(A38)

(A39)

(A40)

(A41)

(A42)

(A43)

(A44)

(A45)

(A46)

(A47)

(A48)

(A49)

(A50)

(A51)
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0B o oL ., _,or
a/{l =-n"'a (1 = B)(hc, — ks )= =2 'a 25 (A52)
Bg = —n~'a™'(1 — B)(he, — ks;)[1 +ra 'G™2
8B, 1
—Z = ——n'a (1 = BY(he, — ks)[1+ra 'G™2]  (A53)
da 2
8B hp?
622 =n"la! . fﬁ(th —ks)[1 +ra”'G™?]
T B D _ % —1 =2
n~a (1 =) cL—(hsy +kcL)6h [14+ra”G™]
8
—n~'a72(1 — B)(he, — ks,)G™2 [# + 2her} (A54)
8Bs kp?
a]j =n"'a"! - fﬂ(hq —ksp)[l4+ra”'G™

—1 -1 _ % —1-2
+n"a” (1 =) SL+(hsL+kcL)6k [14+ra”G™7]

—n~'a(1 = B)(he, — ksL)Gz[% + 2krG2i| (A55)

0B oL
a; =n"'a"'(1 = B)(hs, + ke )=+ ra”'G™
1,2 or .,
—n"'a*(1 — B)(hc, — ksL)aG (A56)
By = —n"'a*rG™'(pe, — qs1)
0B 1
B = a3 G (pe, — gsy) (A57)
oa 2
0B e or _
6; =—-n"'a’G Y (pc, —qsL)[% +hrG 2i|
I | oL
+n7arGT (ps. + ch)% (A58)
0By oo or _
61: =—-n"'a’G Y (pc, —qsL)[a +krG 2i|
I | oL
+n"arGT (ps. + ch)a (A59)

0B
=8 _ —n"'a 2rG ¢, (A60)
op
0B
83 =n"larG7 s, (A61)
oq
OBy ., _,or
= =1 a7 =G (pe, — qsu)
I S oL
+n"a rG7 (ps +ch)a (A62)
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